November 05 Lecture Schedule

Differential of composite function ([Takahashi, Kato] p.128, 4.4, [Kaneko]
IT p.19, 6.4, [Kodaira] II p.278, 6.2 ¢))

f(z,y)0 function of two variables = and y.

g(t),h(t):0 function of tO

Composite function is the function f(g(t),h(t)) we can obtain by the
substitutionl]

The composite function f(g(t), h(t)) must be continuous if f(x,y), g(t),
and h(t) are all continuous.

Meaning.

Let differential (a,b) = (g(c), h(c)). We assume g(t) ,and h(t) are differ-
ential at ¢t = ¢ , and f(a: y) is (total) differntial at (x,y) = (a,b)0 In such a
case, the composrce function f(g(t), h(t)) is differential at ¢ = ¢ in which we
can write as

GO0 MO = @050 + 5 @)

Graphical implication: a tangent line is included in the tangent plane.
[Proof] Given our hypothesis, if \/(z — a)? + (y — b)? < r, function k(r) —
0 that satisfies below must exist:

o) = flah) = 50,0 = a) = 5 fla )y~ )

< k(r)y/(z = a)? + (y — )?
We let F(t) = f(g(t), h(t)), and which gives

FI0) - Fe) = 5L fla.b)alt) ~ 0(0) = 5 Fab)(Ae) = h(e)

dy
< k(r)V/(g(t) — g(c))? + (h(t) — h(c))?

Divide both sides of the equation by ¢ — ¢, and further let ¢ — cthen we can
write as

Fit)-F() 0 , P /
t—e t—c 3_xf(a’ b)g'(c) — a_yf(a’ b)h'(c)

< k() (g/(c)? + 1 (c) — 0.

The mean value theorem:




We apply the mean value theorem F(1) — F(0) = F'(t) to the function
F(t)=fla+tlx —a),b+t(y—0b)):

f(x,y) - f(av b)
— Sl tle—a) bty = B)(w —a) + 5 fla+t{e— a),b+ tly ~ D)y~ D)

Higher-order derivatives:

The second-order partial derivatives f,,(x,y) and fy,(x, y) can be defined
if and only the partial derivative f,(z,y) is partial differentiable. f,.(x,v)
and f,, (7, y) can be treated in the same way. The higher-order partial deriva-
tives are defined the same way.

Notation. O aa—;f(a:, Y), %gyf(x,y), and so on.



