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PartV
Interaction of Light and Matter

11 Classical Electromagnetic Field

In this section, we discuss the classical electromagnetic field that obeys the
Maxwell * s equation to help us understand the quantum phenomena associated
with light.

11.1 Maxwell ' s Equation

To begin, let us consider a case with a particle in vacuum, which carries an
electric charge e;, and can be found in the coordinates 7;. The Maxwell * s model

fori=1,---, N becomes
. 9B
rot B4+ — = 0
ot
. 9D .
tH—— = j
10) 5 j
divD = p
divB = 0

The vacuum permittivity and permeability are used to write in the form:

l_j = EOE

— 1 —

i = —B
Ho

For the charge density and the current density, the coordinates of the particle is
used and they are written as:

p(F) = Zeié(F—ﬁ)
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Note that the equations satisfy the conservation of electric charge: 2°7
dp -
— +divyj =0
ot J

As for another fundamental equation to this system, we consider an equation of
motion for a particle in 7; that obeys the Lorentz force. Here, we let m; be the
particle mass:

mr; = e, E(F) + e x B(F)

The time resolution for the particle ’ s kinetic energy T is expressed by 28
T = / dVE -j

Here we assume V' to be an arbitrary region that includes ;. The Maxwell ’ s

207
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Further,

208
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equation provides 209
P = ExH
Eem = /dvgem
1 - .
gem = §(€0E2 + M0H2)

Hence,

d Lo
—(T+Eem)+/ dSP:O
dt oV

We understand that P denotes the momentum of the electromagnetic field while

E.., denotes the energy of the electromagnetic field. (P is known as the Poynting
vector.)

11.2 The Vector Potential and Scalar Potential

First, note div B = 0 can give
210

209Maxwell * s equation can give
ﬁ-rotﬁ+uOﬁ~ﬁ = 0
E~r0tﬁ—eOE'E = E;

We take the difference between the equations above:

L o 1d, = . -
—div(E x H) — §£(60E2 +poH?*) =E-j
= dHem IS
div P E-j=0
iv P+ p7 +L
Thus,
div(Ax B) = Oieijud;By

= €;j,(0;A;)By + €A, (0;) B
= Gkij(aiAj)Bk — EjikAj(ai)Bk
= rot/f~§—/f-rot§

210 An arbitrary vector field X can be expressed by

X=Xr+X.
divXr =0
rot)?L =0

Note that X 1 and XT are respectively called the longitudinal and transverse components.
When the vector field described above is definable in all region of space, we may express the field
by the potential:
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Xr = rot A
Xy, = grad¢
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211 212
B =rot A

211The Fourier expansion for the arbitrary field is written as

which yields

divX =

2
E

rot X = Zilgx)?,;e“;"?
k

we obtain
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k o=12 i
o Kok ik-7 > > k-7
(Xr)o = D (Bap = =557)Xpe™ " =3 (D (&, ), )p) Xpe™
i k o=12

N N kakﬂ - -
D )alEr)s = ~i5 + D (€,)al@i,)s = Gas
o o=1,2
such that we write ek
- - alvp
(€5 )a(Cgo)p = Oap — =15
o=1,2
This is valid since
v = (U-é,)é,
Vo = Uﬁ(go)ﬁ(éa)a

is written for the arbitrary vector . We can further write the above as
(€5)5(€x)a = dap

A similar formula to the expansion of the function is given as

}:@@%@@U=Mx—f)
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L 9A
E+—) =
rot( + 81&) 0

Rewrite the equation above of the physical quantity:

Thus,

o 0A -
E= o Vo
2121 et us summarize the relationship between differential-form and the vector calculus formulas:
Q = f
dQ = 0;fdx; :gradf
d’Q, = 0;0;f dej Ndx; =0  :rotgrad f =0
Q0 = Adz; A
d = 0jA;dxj Ndx; rot A
?Q, = Or0jA; doy Ndxj Ndr; =0 divrot A =0
Qy = Ajxdr; = €pAidr Ndzy, - A
dQs = O Aidayx de; = 0;A; dey Ndrs Adas  :div A
d*Qy, = 0
Here we define
x1 = dxry ANdxo Adxs
xdry = dxo ANdrs, *dre = dxs N\ dxy, xdrs = dxy N dxs,
*(dry ANdxg) = dxs, *(drg Adzg) =drzy, *(dzs Adxy) = ds,
*(dry ANdxg Ndzs) = 1
giving
A = Adx;
*dA = rot A= (rot A);dx;
xdx A = divA
dp = gradp =Vo
xdxdp = Ao

divrot A = xdx (xdA) = d(dA) =0
rotgrad f = «d(df) =0

For the integral formula, we can write

/dﬂ2 - / 0y /divA’dV:/ A.dS
1% oV 1% ov
/dQ1 = /Ql : /rot[f-d§:/ A dr
S oS S oS

/dQO - /QO : /gradf-dfzf(f)yff?“?
L oL L T Tini
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by using the vector potential A and the scalar potential ¢.
Note that the physical quantities E and B stay constant even though the gauge
transformation is conducted under the arbitrary space-time equation x (7, t):

I = A=A+

Ix

, p— —_— —

6 - d=0-2
E'=E, B =8B

We must note that there are certain degrees of freedom left in the potential

expression. The Maxwell’ s equation is rewritten by using such potential. rot H—

ﬁzjgives
213
— o 1 5 — — . — 1 . -
—0A = ?A—AAZ—V(dIVA-FgQﬁ)—FMQJ
1
2 —

While div D = p gives
5 1
—Ap=divA+ —p
€o
Let us have a particular Coulomb gauge
divA =0
and by which we obtain two relational expressions of the Maxwell * s equation:

—D%T = = ,uoj
1
—A¢p = —p
€0
Note that the equation for the scalar potential
j: ;— 606@3

can be easily integrated: 24

1 €;
o) = 4rey Z |7 — 7%

213The equation irot rot A — eg(—A — V) = j gives VdivA — AA+ = (E+ V(b) = poj

214The solution for
~Af(7) = 8(7)

is
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Hence, we can further rewrite the first equation into the form:
> 0 = €;
J = — = V—— 4T
zi: ( ot 4r|r — 73| (= ))

Note that 2

divJ =0
Let us now suppose that the system is in a box with the volume V' and the edge
length of L. We conduct the Fourier transformation of A under the periodic

boundary condition:
216

r 1 ik
A = WZ Eek

E - _(nmnyanz)a ni:"'7_2,—1,0,1,2,---

-

The vector potential can be written in the following form by using k- _'E = 0 which

is given by div A=0:

217
k+éro=1 =0,k o= =0, €k -€ra=0
giving
A 7 t) = € E v
( \/EO_V Z 0212 kaqka'
We can use the fact that A is being real to express €_p_ = ez . This allows us to

use A = A;%. Therefore,

215

L7 0 .= 0 o=
dlez—EeoAcé—&—lej:ap—l—lej:O

216

1 - o
Ap=— [ AVA(F)e ™+
¢= o [ Vi

217

ET:Z 4%y
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Given the information above, we now move on to discuss 04 = uof. The longitu-
dinal components (components in k direction) can be expressed by using div A=0:

eik?py — k-jr=0
By time-differentiating the Poisson ’ s equation, and further using the continuity

equation, we write:
GQAgbz —p: Vr ]

And from which, the Fourier components are written as —k2¢;, = ik 5}5 and there-
fore, the relational expression for the longitudinal components is automatically

satisfied. Now, for the transverse components:
218

.. 1 2 ik
Gy + Witi, = € / dvj(r)e ™

This is the equation the vector potential must satisfy, and which is in fact equiva-
lent to the Maxwell * s equation. The equation describes the forced oscillation for
each polarized light € _.

218

€Ty ( - D[f(ﬂ) = €z, - Elov ;0_1,2 _,EU(C%(.].EU " quEU)eiE-F _ 610V ; (C%(.].EG n kquU)eiE'F
&, o (F) = & -j(F) = MOLV oo - Z ?Eeﬂ?r*
E
Thus,
Sir, +Kqz, = pHoveoly, iz = “i/\%% /dVe*,;gf(F)efig'F
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11.3 Classical Field Equations

First, we consider the energy of the electromagnetic field by dividing it into two

partS' 219 220

Eem = 1/dv (eo(fﬂ Vo)? + l(rot E)Q)
2 Ho

= Erad + Ecoulomb

Erpa = 1/cﬂ/(eofp—ki(rot A')2>

2 Ho
1 oo - -
Ecoulomb = 605 /dv (QAV¢ + V¢ ' v¢)

_ _60% / v (2¢ div A + ¢A¢>

=~ 5 [av e

1 €i€j

2 Z 47T€o‘7:; - 7:;7‘
ij
€;€; . . .

= Z ————— + (expansiontermsofthesel f — interaction)

— 47T€0|’l“i — ’l“j|
1<
Note that Eepuoms is the Coulomb interaction (we do not consider the expansion
terms of self-interaction here) while F, .4 is the energy of radiation field. If we have

219
/dVdiv(fﬁg):/dvﬁfﬁﬁ/dvmg:/ dS- Vg
oV

The boundary terms are cancelled due to the periodic boundary condition thus,
/dvﬁfﬁg = —/deAg: —/dV(Af)g

220

/dW(M):/ S - ¢A =0
oV
Thus,

/dV¢div/T: —/deT- )
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then we can write

A7) = 2 g (e
( ) \/EO_V zﬁ:al? k‘aqka< )
A(rit) = > ioPis (e
€V 5 o=12

We substitute the above into E,.q: 22

Erad = %Z Z (pEUp_Eg + Czkzqﬁoq—ﬁa)

ik o=12

189

By adding the kinetic energy T = %ZZ 7'7'2, the classical energy is expressed in

the form:
H=T+ Erad + Ecoulomb

We let g;_, pg,, of radiation field and 7 of the particle system be the canonical

variables, while we let whose conjugate momenta be
P = myr; + eig(ﬁ) = myT; + e, 4;
The Hamiltonian is therefore given by:

H = Hpart + Hrad + Hcoulomb
1 =4 T
Hpart = Z m, (Pl - eiA<Ti)>2

%

—

(2

1 21,2
Hrad = +§ Z (pEapEa +ck qEO'qEO')
k o=12
€i€j

D
coulomb 47TGO|FZ‘ _ 7_’3|

1<)

221For the energy of a magnetic field:

div (A xrot A) = rot A-rot A —

A.
= rotff~rotff—ff-

graddivA+ A - AA

which cancels the surface terms thus using div A= 0, we can write

/dVrot/Ymot/Y = f/dVA'~AE

1 (= 1 S\ 2
— Pz — e > L kT
Z 2m ( € feoV EZ koo )

rotrot A, (V-(AxB)=V xA-B-— B

)
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The canonical equations are given by:

OH
A4z,
OH
g,
OH
87“%0 ko
OH
oP: o
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Therefore, the equation of motion for the particles is written as 222
mt; = e;(E () + 73 X B(77))

The Maxwell ' s equation is also written as

222For the particle system we can write

. OH
T =
: opPe
— o (Pr - A7)
- m; i ) 7
. OH
_px =
¢ ors
1 — — —
= E(Pi — € A(T3)) - (—€i)0a A(Ti) + €i0ad(73)
= e} 0a AP (F;) + €i0a ()
Here note:
B) o 1 1
— H =
o outomb Ore dmeg ;) (P — 75|
R 1
T ore 4 -
or dweg frarr! |7 — 7]
= 0a€;(7;) = Oa€ith;
1, = A7)
d - dA(7) .
ZA = Ve A
dt 1 dt F:T_“l + TZ V’I’} 1
Hence,
miiy = P — e AR — e VAT ()
= e 0 AP (F)) — €00t ()
—e A (7)) — eir 0347 (7)
= ei( = 0a0(F) — AL (7)) + 1) 0. AP (i) — r] 05 A (7))
Further,
(Fxrot A)y = €apry TP €yneOn AS
(Bandse — Oagldan)i’ 0y Avi
= 0,A4° —iP9sA”
Thus,

mit, = e;(E(7;) + 7 x B(F%))
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223

1 . N

. 21.2 . > = ik-T;

4 %o + 'k 4 ks = § :ei<ri ’ eko)e ’
7

vV Eov

Therefore, we must note that the velocity for a gauge invariant particle is

Finally, we write the quantity by using the canonical variables:

Fe— A-%¢
1 = —ikT
=— = e "=V
oV

B =rot A

11.4 Field Momentum

The momentum of the electromagnetic field G is calculated with the Poynting
vectors as described in the followings:

223For the radiation field:

. OH
—Pr, =
: 04,
1 /= 1 T 1 o
27.2 ~ ik — ik-T;
= ckq_z + — | P —e €p qr ) (— e €y e
q—ko ; m; < m EZ kcqua > ( \/607‘/ ko )
L 3 Y L o ks
= C2k2q EG—’_ZE(P’L_G,LA,L) (_ez EOV Egek 1)
1 P
_ CQqu_ka = Z 61‘(7:; —»I_C‘U)ezk 7
qka’ - ap];g p—ka’
iy = DP_jy
1 S o ik T
= cszq_,w + N Zel(ri io)e k
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G = 2 dVP——/dVExH
11 S =
= —5— dV(A+V¢) x rot A
C” Ho
= Gopt G
=0 11 5 -
Gep, = ——5— [ dVAXTOtA
€ Ho
- 11 . .
Gen = ——5— [ dVV¢ xrotA
€ Ho

The momentum of the pure radiation field égm can be described using canonical

variables: 224

= —iy. k Do dis
o

We further rewrite the terms that are given due to the existing particles. (Note
that the boundary terms are cancelled due to the integration by parts and the
periodic boundary condition. Note also the Coulomb gauge conditions.):

11

G = - AV V x (¢rot A) — ¢rotrot A
€ Ho
11 11 -
= ——— [dVeAd=—S— [aV(A¢)A
€ Ho € Ho
1 1
= dV pA = e; A
% oo P Z !
224
égm = —%i de;fxroth
" Ho
11 1 1 > -
= _CQNO\/agg ﬁeﬁaplzox(z}cx;elza/ql;a’)
= _ZZ Zpkaqko" eko’ E _’1::‘0 )
i oo’
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Therefore, the total momentum Gr is given by the sum of the momentum of
the particle system and the momentum of the radiation field:

—

GT = Z mﬂ?j + éem
J
- S,
J
11.5 Angular Momentum of the Field
Let us calculate for the angular momentum fem of the electromagnetic field:

- 1

Jom = 5 dVFxﬁZE dVix (E x H)
11 R L = -
= ——5— dVFix (A+V¢) x rot A
C* Ho
= o+ Jim
= 11 5 e -,
Jom = ——— [ AV x (A xrot A)
¢ Ho
, 11 e .
Jom = ——— [ AVi'x (V x 1ot A)
¢ o

We divide the angular momentum J?m of the pure radiation field into the following

two parts: 2%

225

(A x rot A); =¢ijnAjerimOAm = (5:18jm — 6im0j1)A;01 A,
=A;0,A; — Aj0;A; = A;0,A; — 9;(A; 4) + %(8JAJ)Ai
=A;0;A; — 0;(4;4A;)
(7 x (A x rot A)) g =€apers A;0:Aj — €aperyd;(A; Ay)
=€abery A0 A — 0;(€aberv Aj As) + €ape0 (15)05 (A, Ac)
= €abe"pAj0Aj — 0j(€apervAjAc) + €apcApAe
= A;(0A)) 0 — 9 (€apervAjA) + eapcApAc

Leave out the boundary terms to obtain

/d%f’x(/lxrotff):/dBrAijjJr/dBr;fx/f
v v v
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J, = —— [ &®rA;tA
HoC
1 5
Jo=—— | $rAx A
HoC
= - Z(gka X gka/)pkUQka’
k,oo’!

If we conduct the integrations by parts to the terms which arisen from the
existence of the particles for a number of times then, we can rewrite the angular

momentum into 226

T=—eo [avaorsci= [avprx =35 x (e,
J

The angular momentum Jr is therefore given by the sum of the angular mo-
mentum of the particle system and that of radiation field:

Jr =7 x (m;r); + Jom = ZL+

J

Lj =7 x (mFy + e;A;) = 7y x P;

226

Ve x rot A =V x (¢rot A) — ¢rotrot A = V x (¢rot A) + ¢AA

7 x (Vo x rot A) =7 x (V x (¢rot A)) + 7 x ¢AA
[ x (V x (¢rot A))]; :Eijkrjﬁklmaz(mo ) = (88m — Simb5)r;0u(grot A)
=r;0;(¢rot A) 0 (¢rot A);
=0,(r;p(rot A);) — p(rot A); — 9;(r;é(rot A);) + 3 (rot A);

=i (rjp(rot A);) — 8;(rjp(rot A);) + 2¢(rot A);

[1" % ¢AAL =€k T 00101 Ay
=0 (€790 Ay

( — €ijkP0; Ak — €ijir; (O10) 0 Ay,
=0 (€i;x7; 901 Ak

(

(

— €1j100j Ay — 01 (€117 (010) Ak) + €11 (0;0) Ak + €557 (01010) A
— €100 A — 01 (€117 (010) Ar) + 0 (€ijdAr) — €ijud(0; Ar) + €k (0,019).
— O (eijir; (019) Ar) + 05 (€ijudAr) — 2¢(rot A); + (Ag)(7 x A);

=01 (€ikT;90 Ay,
=01 (k901 Ar) —

~— — —

jZmzfe()/dVAngX A’I:/dV,DFX /Y: Z'Fj(ej xAj)
J
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12 The Interacting Particle System and Electro-
magnetic Field as Field Quantity

12.1 Lagrangian Density and Equation of Motion

According to our discussions from the last section, the Maxwell * s equation is

— — — 1 . —
OA = V(diVA + C_2¢> — HoJ
1 1 -
-A¢p = ——gdiVA — Hocp
c c ot

227 The Maxwell * s equation can be written in the covariant form to the Lorentz

transformation:
DDA — 5 A") = o
O f™ = poj”
227
Lo 1
04 =V(divA+ c—2¢) — loJ
1 10 ..
EAqb = _EEdWA — locp
Note:
.- 10¢ s
leA + ga = aHAl

the first equation is then rewritten as
—0, 0" A = —0'0, A" — pgj’

While the second equation is rewritten by

1. 196 18 19
Oo- T = [ —
c¢ * e3 ot c Ot <8”A c? 8t¢> pocp

—0,0"A° = 99, A" — 11o5°
By organizing the above, the Maxwell ' s equation can be written as

Ou(D" A — 0" A) = "
O™ = poj”
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Recall our earlier discussions:

Ay= 0

C
A =—A' = A,
Ay=—A2 = _A,

The actions derived from the least-action principle, including the actions caused
by the particle systems, can be given by the followings. (7(;) denotes the eigentime

of the ith particle. (dr; = dty\/1 — Z_j)

&m=&+5m+ﬂdz/fx@¢m+gmw+ﬁﬂw)

d r = daldxtdz?da® = cdtd3

da: da: () 4
ZmZ / AT\ Guw dT ) @ —=0(
Zm C/dm g,w d7’ () dT Zm C/dt v gw,x(l )

S I

'Crad (ZE) =

4,u c
_ 3 v
St =~ / s £ f
Lo(x) = —j"(x)Au ()

Sel:/d x Loz Z:/dteZ Z/dt@l o(75, )—l—'r%lwff(ﬁ,t))
Jj*(x) = Zcei/dr()é‘l(x — ) () 26153 7Y, €500 (F — 7))

The equation of motion for the radiation field is:
0L vad 1 0

= L, A, — 0,A)(0AP — O A"
0A,(x) 4u08 88VAM(8 p = OpAn)( ’A)
= o,
Ho
0L, _
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We have already discussed the equation for the particle system.

12.2 Energy-momentum Tensor and the Conservation Law

If we multiply the Maxwell * s equation (field equation) 0, f* = poj” by fa

along with a further calculation, we obtain: 2%

a#Tu)\ = fawi”

1 1
TM/\ = (fﬁﬂfHA - _5M/\fmjfm/)
Ho 4
T*, is called the energy-momentum tensor of electromagnetic field. Specifically,
it is TH = g\VTH, -

1 1
™ (gA”gmgmf”“f o —gA”é"Af"”fW)

7% 1
1

_No

K au_l WY fRY
(gnaf f 49 f fm/)

What we described in the above is symmetric to 7" = T"* and therefore the

228

f)\Vauflw = a,u,(fkuflw) - f””(?ufM
= aﬂ(f)\l’flw) - 1f’uy(auf)\l/ - anAH)’ fwj = _f’/“

2
= 8M(fkufﬂu) - %flw(aufku + al/fu/\ + 8>\f1/u) + %fﬂuakfuu
= 8;t(fx\uflw) + %f‘uua)\fuu
= u ™) = 0N Fun) = Oul ™) = JONS™ fu)

= ulfru f) = 3050 f )

= O£ 0 = 3058

Thus,

aﬂf)\u + auf,uA + a)\fuu = a,u(a)\Au - aVA)\) + au(apA)\ - aAA;L) + a)\(auA,u - a,uAl/) =0
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energy-momentum tensor is expressed in the form: 22

1 o .

T = —§(€0E2 + poH?) = —Hem
]_ — — — —

Tko:—E(P)ka P=ExH

1 . —
T" = o EyE; + poHyH; — 5kl§(60E2 — poH?))
Note also:
0T = ™ jy

drréL

199

If the equation of motion for ith particle is written by dti) = €Ty fH", then

we can write:

229
o = —? 0 -B. B,
" = B. 0 -B
£ o B 0
c nv
faﬁ = ga#gnuﬁfuu
1 0 0 0 0 £ & E 1 0 0
B 0 -1 0 0 -£ 0 -B, B, 0 -1 0
1o o -1 0 B p o _p, 0 0 -1
0 0 0 -1 _% 0O B, 0 0 0 0
0 —E. _E, _E.
£ 0 -B., B,
=1 E
B 0 -B
= -B, B, 0 B

which gives

2 - ﬂ
FP fap = — 5 E* + 257
(&

T - 1B, P—Bxi

C

Further, Tkt = L (C%EkEl + BpB; + 5]@1%(—6%52 + B'Q))

Ho

= e EvE; + poHpH; — 51@1%(6052 — uoH?))

L
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Having mentioned the above: 230

3 0
dtz% /drT“

The expressions in each component:
Z M;c? + / d®r Hepm () = const.
P v
Z M,;v; + / d*r P(F) = const.

which represent the conservation of momentum and energy.

13 Quantization of Electromagnetic Field and the
Charged Particles

We conduct quantization of the system as we follow the classic canonical equa-
tion we obtained in the previous section. For the operators, we have the canonical
variables in the radiation field gz and p;_, and the canonical variable of the par-
ticle system 7; and its conjugate momentum }32 = mzﬁ + eiA'. The commutation
relation is imposed between the operators:

Y55 PRrgr] = 10750000
[T’?,Pjﬁ] = ih5z~j5a5

To clarify more, we use a differential representation for the particle system:

P = —ihV,

230
d H 3 v

1 ,
0 / dPr T + / T
Cat \%4

1 |
4 d3rT0“+ / dsS; T = 1o / d3r TOH
T cot g cot Jy
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For the radiation field, we express in boson representation:

_ T
qEJ - Q_C%(CL—EU + aEa)
B,
pEO’ = 1 T(CLEU - a’—EU)
lag, a%al] = Opploor
[GEU7 afl‘c’/a"] =0
T T _
[GEU’ a_E/O./] - O

The vector potential can be written by using the representations above: 23!

o 1 I h o o,
o - T —ikF ik
A(F) B vV €oV ; 2wk BEU(aEae + aEUG )

231

Il
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Commutation Relation of a Field Quantity

Here, we calculate for the commutation relations of the field quantity: 32

[Aa(), A7) =0
[Eoz(f‘)a Eﬁ(F,)] =0

[Bol), By(™)] =0

(a7, A7) =it 01507~ )

13.1 Hamiltonian

The Hamiltonian of the classical system therefore can be rewritten by the oper-

ators we have defined: 233

232

[Aa(7), Ag()] =0
[Ea(7), Es(7')] =0
[Ba(7), Bs(i"")] =0
. . 1 . o ik (F—7"
(a7, A5(7)] == 5 3y o Fpy)olpi g le ™ )
Fo
ih > > ik-(F—7"
= o7 2o )l 7o )pe™ T
Fo
_ _ kaks ik
7€0V (5045 k'2 )

233
1 hwi,
5 g (pED'pEG' + wquO’qE0> = ; T < - (CLE‘U - a’ffg‘g)(aT_Ea - G’EU) + (a’T_EG_ + G’EU)(G%U
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234

H coulomb

203

= Hpart + Hrad + Hcoulomb

_ 221 (—ih¥, — e, A(7))?

) \/?Z\/>

= Z Z hwk(nl?o + 5)

§ oo=12

zE-ﬁ L ik
+ ag ™)

S
= g a,m,

e
-3

Z_Tj

13.2 Momentum

Here, the field momentum is written as

235

= Z hE ng,
ko

234

235

em

—

Note that we have (k «

1 h & _ikr k-7
): \/WZ ka Ea(aﬁae o +a]-€‘0€1 7)
oV =
ko
—izkaoan
ko
1 -
Eth(ai —a_g)a . +ag,)
ko
1 Tt oot f f
3 Z hk(algga,g[, —a_j, 05, tap ap, —a ggailgo_)
ko

ZFLE agoa,;o_ (k < —Fk)

-

—k) in the last form above.
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The momentum of the particle is added to the equation above, and we further

write

—

Gr = G,+G°,

—i—thnk

Il
M O]
SID?‘

<l

C_jp - Z;_)

We can also show that the commutators of the momentum and the Hamiltonian
to be defined as 236
[H,Gr] =0

14 Interaction of Electromagnetic Field with Mat-
ter

We now consider the terms A and A? as the perturbation Hamiltonian since the
absence of the terms causes the particle system and the radiation field to be sep-
arated from one another. In our following discussions, we apply the perturbation

theory in considering the issue here. The two terms are in the Coulomb gauge: 237

P A7) = A) - P

236

[eiE FJ7 _’]} _ —’L./;:@“; 7
[a,aTa] = a
[aT,aa) = —af
— — 1 h o= h - —
o - ~ T —ikT
[(A(T)a, Gr] = N ; m( o) <[aEJe , ;Vz + hkng, |
ik-T; he T
Hago e 39 g |) =0
[Hpart7 éT] =
[H, éT] = part + Hyqd + Heoutomb, G + GSWJ

rad + Hcoulomby G + Ggm]

0
[H,
(H
[ coulomb,G +G%.]
(H.

('oulomba } =0

237
[P, A(7)]% = A; - Pi(x) + (P - A;) x —A;(-Pyx) = —ihdiv A(7) = 0
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Having aware of the fact above, separate the Hamiltonian in the system:
H = Ho+ Hi

Here Hj is the Hamiltonian described in the following with the particle system
and the radiation field being separated:

HO = Hp_l'Hrad

2
H, = _ZZ_WAi+Zﬁ€jjﬁ|
Hrad - szk nkg+%>
L o=12

While H;,,; denotes the interaction between particle system and the radiation field
due to the vector potential:

H,, = HY + H®?

B = 3

m;

h(e;)? 1 h(eg, - €pyr) B
DI Oy L IR L

The non-perturbation basis set can be written by the eigenstate W,,({7;}) and
eigenenergy FE,, of the particle system, as well as by the state vector |{nj_}) of
the radiation field. (We exclude the zero-point energy in this case.):

Holm; {ng,}) = (En +an )lm; {ng, })

imi{ng, 1) = Hng, HV m({ﬁ})
Hrad|{nﬁa}> = Znﬁhwl;‘{nlza}>

Note that H") denotes the photon absorption and emission while H®) denotes
the process involving the two photons. So far, we have ignored the relativity effects
on the particle system but since we recognize the lowest order relativity correction

h =
—e—c_f -rot A
2m
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the following term then be added to the perturbation Hamiltonian:

H<S>:—Z§—a rot; A; :—Z G G-V x4
- m

Zez E e — — 7
— / etk Tiz . _ k
R /Eov Z Z 2mz _'_ aka’ o <6ko' X )

14.1 Fermi' s Golden Rule

Let us review the Fermi’ s golden rule that relates to the transition probability of
the states calculated by the perturbation theory. We consider the non-perturbation

system and its state:
Holn) = Ey|n)

Then, we suppose all system to be governed by (time independent) Hamiltonian:
H = Hy+ Hiu

We determine the probability of transition per unit time from the time zero of
non-perturbation state a to the non-perturbation state b. We assume in this case
that the perturbation is small enough while having sufficient observation time.

e Interaction representation

Schroedinger equation:
ihO W = (Ho + Hint) W
From the equation above, we let 238
U — —iHot/mgT
giving

iho, Ut = HL Q!

int
1 iHot/h —iHot/h
Hy = Mot ot

This is known as the interaction representation. Now, we write

V()= ealt)ln)

n

238Make substitution.



Quantum Mechanics 3: Interaction of Light and Matter Hatsugai 207

and which gives:

ihé, = (nlHL,m)er

m

oK,

m

Thus, we can simply derive the conservation of probability (self-evident?):
d
&S el =0

Now, go back to our initial discussion where
ca(t=0)=1, ¢, (t=0)=0, (n# a)

and we suppose only a very little time has elapsed from the initial condition. The

successive approximate solution can be obtained by 3

i(Ey—Fa)t/h _ |

Eb_Ea

e

cy(t) = (O Hintla)

which gives
cos(Eyp — E,)t/h

les ()1 = (b Hie a) |*2 (By— E,)?

Here, if we use 240 241

1 —cosax
— lim —
0@ = i e
the probability of transition w, ., from a to b per unit time can be given by the

following: 242

1 2T
o = (O — T\ Hindla) PS(Ey — E.)

239
ihéy(t) = (b|Hingla)e! Pe=Falt/he,

240The effective range of the successive approximation will be

(0 Hintla)| << [Ep — Ei

We also know that this is time independent.
241
1 —cosax
/ dy———=m
—o0 Yy

242The validity of the substitution in the delta function can be proven by

E, — Eylt
| bl S

1
3 >
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In other words, the transition occurs between the different states with the same
energy. If the final state b, for example, belongs to the continuous spectrum with
the density of states p(E,) at energy interval dE,, there will be p(E,)dE, states,
thereby the transition probability can be

2m
[ (BB = T\l ol ol )

This is known as the Fermi ’ s golden rule. 243

14.2 Transition Matrix Elements and Dipole Transition

We now discuss the absorption and emission of light exclusively to during the
first order where we can apply the Fermi’s golden rule. To do so, we must calculate

the following matrix elements: 24

(mos {ng, ol HOllmas {ng, }o) = D My, (ko) My (k, 0)
For

ML) = = [Tlanwtan (X e, - 9) )

(2

M) = < g bltal g, + o) ng )

We use the following evaluation for the radiation field:

tn—laln) = /o

—Vn
\/%W +1lat|n) = \/g\/n—ﬂ

Now consider the matrix element M?, (ko) given by the wavefunction W, ({7;}) of
the particle system (m = a,b). We let the radius of an atom be a to estimate
the energy difference E for before and after the transition, thereby supposing the

bound energy of the atom as

2

EF=hw~

4meqga

which gives the wave number £ of the related light:

]{]:—:
A

2r w E 1 e?
e =
¢ he adrmeghce a

243The approximation.
244Consider the fermion system. For the boson system, normalization must be considered.
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Thus,

2 o' e 1 e? 1
~— -, a= N —
a a’ dreghe 1377

Note that « is the non-dimensional physical constant called the fine-structure
constant. In the region where the wavefunction of the particle system possesses
the finite values, we can only consider the wave number of the light and

k=0
Further, we write the following for the Hamiltonian H, of the particle system: %
ﬁ2
m
h2

i?(!
Since the states are the eigenstates of the Hamiltonian:
N ,e—dipol
Mbpa ~ Mg)ae rpoLe

Mpee — (5, — I, / TTarvimh( e, 7'y ) waltii)

= (B = Bl Y o, 7)o

= _Zwbaﬂa,ba
Miba = Z<b|luir|a>a hwba = Eb - Ea

%

ol-+lop= [ TLaRGERNE (D,
pl = €y Hiy [l = €Ty (electricdipole)
The approximation at i — 1 is called the electric dipole. Commonly, the

oscillator strength fp, is defined so as to express the magnitude of the transition

for b — a:

2m
fab = 2 ‘ b ‘2
e2hwp,
245
2
P P p h
= 2[p,r] = ——2(—)ih = —ip—
[Zm T] 2m [p, } 2m ( Jih lpm
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The total sum rule is satisfied by the oscillator strength of the electric dipole

transition: 246

Zfba =N
b

Some transitions particularly provide essential contributions, and those contri-
butions are considered as O(1).

If there is a zero contribution from the electric dipole approximation due to the
symmetry, the degree of order described in the following must be considered. Here,
assume eF 7 s 1+ ik - 5,

h 1 .7 — /= — —
MP ~ MP /Hdnpr (7} (Z e S ik - EJ.vi))xpa({m})

246First, confirm the double commutator in the following:

N N 1 N N N
[Zrl}aa [HP’ er,ﬂ“ :%[Zri,aa [Zﬁlgw Z rjﬁ”
i j i k j
J 1 N N J
= 2ih%[zri,aa ijﬁ]
i J

vy 1 h?
:(72lh)(lh)7N(5a[3 = —Néag
m

N N h2 h2
[Z(é} 7?1)7 [HP,Z(go . FJ)H :(é»o)a(é‘a)afN =

i J
[,[H,z]] = [v,Hx — xH]) = xHx — 2?H — H2? + xHx = 2vHx — 2*H — Hx? gives

(all, [H,])la) =2(alzHz|a) — (a]a*Hla) — (a] Hz?|a)
=2(alzHzla) — Eq{ala®|a) — Eq(a|2?|a)

—22 alz|b) (b|Hz|a) — 2E, Z alz|b) (b|x|a)
—22 Ey — E,)|(b|z]a)|?

Thus, given x = ), €, - 7, we use (a|a) = 1 and the completeness of the intermediate state:

2m 9 2 T |2
2 =2 el = 2 g P = Bl
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247
Now,

=
X
o
~
+
N}
=
=
3
o
3

which provides
P pPe—d Pe—q p,m—ds
M, ~ M, "+ M;;" "+ M,

Mg =6, B [ Tarwttn (e, - et

)

gt = [ TLanwin (3050 (56 % @) 7) alty

2

This M]“7? is called the matrix element of the double-dipole transition. The
contribution of M} [;m_dl together with the contribution of (261) is called the matrix
element of the magnetic dipole transition in the following. The contribution of
Mfczm_dz is used for handling the first-oerder contribution of H®) via ™ = 1 and
the dipole approximation:

m— Zh@l — 7 W —
My d /HdTZ {7} (Z 2m»(6EU X k) - M) v, ({7}
M=0(+¢=10+25

Before we move on to demonstrate a much more simple calculation for the
electric dipole approximation, let us take care of the calculation for the density of
states in the radiation field. Suppose the system is in a box having side length
L, the number of existing states p(E)dE found at energy [E, E + dE] then be
disintegrated into the solid angle d€) and the wave number [k, k + dk|:

247Confirm the following relation:

(E X é)(FX ﬁ) ZEijkkjekeiabTaab = (5ja6kb — 5j55ka)kj€k7"aab
:k:jekrjak — k‘jekrkaj

h2
[Hp,rirj| =ri[Hp, rj] + [Hp,milr; = —E(n—@j + 0;ri)

And thus,

1
ej(riaj — Tjai) -+ fkiej(riaj -+ Tjai)

= (Fx @) (Fx 9) + 5 [Hy, (F-7)(E-7)

(k-7)(&- V) =kirie;0; =

l\J\n—l
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248

1 w?

(27)3 hed

p(E) =V

14.3 Light Emission

We consider the following transition based on our discussion in the last sub-

section:
States of atomic system Energy of atomic system Radiation field
Initial state a E, {n;}
Final state b E, v, +1

The energy of the emitted light can be expressed by the conservation of energy
(delta function of the Fermi’ s golden rule):

hw=FE, — Ej

The emission probability of the light wdf) into the solid angle df2 as the polarized
light o per unit time is determined via the Fermi ' s golden rule:

2T 1 h _
wd) = 5 X Eo—vw2|ﬂg|2 X %(nka +1) x p(E)

For the number of photons detected in the radiation field, ng, is used in the
above as the average value of the wave number k and the polarized light o. By
organizing the above, we obtain:

3

w
W = W+ Wind = mmz\z(ﬁko—I—l)
3
_ w T2
Wsp = 87T2607:L03 |/‘La| Nko
3
, w T2
Wind 8m2eghcd d

In the above equations, w;,q is proportional to ng,, and which is known as the in-

duced emission while the rest of the terms are known as the spontaneous emission.
248

dkk?dQ  _ k?dkdS

()p (23
E = hck
1 E? 1 w?
PE) = Vo5 aar =V arsne
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14.4 Light Absorption

The transition occurred by the light absorption can be considered in the same
way we did for the emission of the light so that we can write down the following
expression by use of np_+1 — ng_

W3
a 2 3
8m2ephc

Note that this representation above can be also written in another way by letting
the strength of incident light I(w)dw be 249

w, |NE|2,FL]€U

hw
I(w)dw = CTnpwdw = (velocity)(energydensity) p,dw

thus,
T

= cohi2c |tz |21 (w)

If the two-level system a and b is thermal equilibrium through the radiation
field (E, — E, = hw), we let the atomic numbers of respective level be N, and N,
to define the transition matrix elements for the particles system as A,_, = Ap_q

Wq

therefore, we obtain:
NbAb_,a(n + 1) = NaAa_,bTL

We assume the Boltzmann distribution for the particles system:

% — o~ (Bs—Ea)/kpT _ ,—hbarw/kpT
Na

which gives the Planck ’ s radiation formula:

1

n=-—-—"7
eﬁw/k‘BT _1

249

which gives






