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Fields of Mathematics
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. Nurnbers
Natural number N = {1,2,3,4,---}

Integer Z=1{---,-2,-1,0,1,2,---}
() may be called rational integer

Rational number Q@ ={:--,3, %a —39 oo

Realnumber R = {---,3, %,—%,\/5,7?,6,“-}

Complex number
C= { c, 3, %,—%,x/ﬁ,ﬂ',e,Q—l— \/iff: }



7, CQCRCC

Calculations are given to these groups.
addition +
multiplication X e

ALGEBRAIC SYSTEM



Calculations of Q, R, C Fulfill Below

definition =~ When sum +, product* are defined to a groupy; and fulfills conditions below, j is called a field.
a,bee K
(I} (sum+)

(1) (association law ) (G+b)+c_a+(b+c)

(ii) (existence of zero-dimension ) foranya € K , 0 +ta=a+0=a

b it it -+ (

(iii) (existence of inverse concerning sum ) for a € K, there is a & K that fulfills @
(iv) (commutative property) @ b=b+a
(IT) (product ")
(i) (associationlaw) (a-b)-c=a-(b-¢)
(ii) (existence of multiplicative identity ) forany a € K, 1.0 =a-1 = a

(iii) ( existence of inverse concerning sum ) for be KB40 thereis W e K thatfulfills b- b = b b 1

(iv)  (commutative property) @b =b-a

(IIT} (distributive law)
(i) (a+b)-e=a-c+b-e

(ii) a- (b4 c) b4

Marks for multiplication such as X and = are often abbreviated, and fora, h & K, axb ora * bis often written as ab.

() Calculation of Z fulfills all except (ID(iii)

definition

and all conditions except (II)(iii) are fulfilled,
R is acommutative ring

When sum + and product " is defined to a group I?




Q, R, C Have Infinitely Many Members.

Are there any fields that have finite members?

4 )
Finite field
—— | E. Galois (1811-1832)
i -
Sur la Théorie des Nombres.
(On the Theory of Numbers)
< =

> [ application to cryptology, code theory
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Reprinted from “lwanami’ s Encyclopedia
of '

Math , the 39 Edition”, Japan Math Society



2. Integer 7,

Prime number

a natural number that is divisible only by 1 and itself
2,3,5,7,11,13,17,19,23, - -

There are infinitely many prime numbers

proof by contradiction.

\\/ If number of primes is finite,

they could be written P1,P2,° ", Pm
and suppose N = pP1P2---Pm + 1

N can be divided by a prime el ™
and cannot be divided by p1,- -, Pm W




argestinmemnowWiiiNow

932582657 _ 1 (Sept. 2006)
digit number 95808353

2" — 1 syuo udins arsonds udols

Number of 7! that are prime numbers and
now known is 44 .



Unsolved Problem
(1) Are twin primes infinite?

E a prime number that differs from another prime number by 2

3&5 5&7, 11& 13, 17& 19, - - -

Largest twin prime known now

2003663613 - 219°000 _ 1

2003663613 - 2195000 4 1
58711 digits (November, 2006)




(2) Goldbach's Conjecture

Every even integer greater than 4 can be written
as the sum of two primes.

= 242
6 = 3+3
8§ = 349
10 = o945

12 = o+47



a,b :integer
When ( is an integer, and

b = aq

b is divisible by @ .

@ is aliquot of

b is multiple of a

This is written as
al|b



Fundamental Properties of Integers

(1) (remainder theorem)
a,beZ,a#0, b#0
b=qa+r 0<r<]|a
Only one combination of integers g, I exists.
(2) Natural numbers are factorized uniquely.
7, :natural number
If numbers of primes are finite p1,---,pr (1 # J Di
natural numbers €1, ", €k
exist, and
n — pflp? . .pzk
is written uniquely regardless of order of products.



a,be Z,a#0, b#0

common divisor of A& b common factor

largest common divisor of (I & b highest common factor
gcd(a, b)
When greatest common divisor of @ &) is 1,
a& b are coprimes.



3. Euclidean Algorithnn

lemma .
- When a, b are 2 integers and not 0

and a =qgb+1r (q,r:integer)

ged(a, b) = ged(b, )




How to Calculate ged of Integers @, b (not () )

Use remainder theorem sequentially.

a= mb+ r1, 0<r; <|b|—1
b= mori+ ro, 0<ry <r;—1
r1 = mare+ r3, 0<r3 <ry—
ry = myrg+ 14, 0 <1y <173 —

Since 1 >T9 > -+ >0
There is a natural number 1, , thatis Tn 7’é 0, Fn+1 = 0

T'n is agreatest common factorof @, b



54
20
14

= 2x20+14
= 1x14+6
= 2X6+2
= 3 X2

gcd of 94 and 20 is 2



r1 =a—mqb

f pp=1,q=-my, "1 =p1a+qb
\/
ro =b—mry =b—ma(pra+ q1b) = —mapra + (1 — maqy )b
If po = —map1, ¢ =1—maq ro = p2a + g2
A4

If 1,72 are assigned into the third formula,

r3 = p3a - Q’3b P3, 43 :integer

Inductively,
= p;a + q;b Pi, q; :integer

Whent = n, Tn |sagcdof a,b
gcd(a b) =1, = pna + g0  Pn, Gninteger



a, b areintegers and not 0

greatest common factor ofa, b : d

There are integers (¢, B , that fulfill
aa + Bb=d

@, b are coprime integers.

There are integers v, (0, that fulfill
aa + Bb=1




It a=5, b="7




4. Congruence

a,b, m integers
b — a can be divided bym << a = b (mod m)
congruence expression

[ properties J
a,b,c € 7

(i) a=a mod m)
(ii)) a=bmod m) = b=a Mmod m)

(ili) a=0b mod m)andb=c (modm) = a=c (modm)



Fix one integer, 11
for a € Z

a={x€Z|x=a(modm)}

This is called résicue class in the modulo 77 defined by @ .
a is representative element of g

notice. If a = b ( mod m) then g = E

Set of whole residue classes related to mod 177, s

written as
Z |mZ

Z/mZ=140,1,---,m —2,m — 1}



Set of classesis 7 /mZ



Addition and Multiplication on Z /mZ

if a1 = a2 (mod

m), by = bs (modm) then

a1 ::blECLQ:

- by ( mod m)

albl —_— agbg ( mod m)

It is proved by this lemma

that class does not change if

a number in calculation is switched to another number of

the same class.



Addition and Multiplication on E/m%

On @,b € Z /mZ , we can define

addition: ga+b=qa+ b
multiplication: @ - b= ab

zero element

S o

+0=0+a=a
unitelement 1
a-1l=1-a=a



7./47, = {0,1,2,3)

0
forexample, 1 + 2 =3 24 3 =
2:2=4=0, 2-3=

- Z/mZ is a commutative ring

It is not always a field.




A Lemma to Understand the Structure on/mZ

a,b,c,m € Z

Suppose?7l and C are coprime,

ac =bc (mod m) = a=b (mod m)

~ The greatest common factor of 70 andC is 1, so

\/ integers =, Y that satisfy cx + my = 1 exist.

a = acxr+ amy

— -+ b
Therefore, ‘ ISPl
a—b=(ac—bc)r+ (ay — by)m
from the supposition, right member is divisible by 771 .

Therefore, a — b is divisible by ™.



9. Finite Field

7./2Z = {0, 1)

addition 0+0=0,0+41=1
1+40=1,1+4+1=0
multiplication 0-0=0,0-1=0
1-0=0,1-1=1

become fields.

Suppose P is a prime,

Z/PZZ {GaTa:p_ 1}
additon a@a+b=a+ b
multiplication q - b= ab




When P is a prime, Z/’pZ is a field.

v 0 zero element

1 unit element
Inverse element for any element @ € Z /pZ thatis not 0
should be indicated.
P is a prime, anda # 0, soa & p are coprimes.

Integers X', Y exist that satisfy
1l =xa+yp

In modulo P,
l=zat+yp=Ta+yp=Ta+7y0=7a

I is an inverse element of g !




Definition

P prime number

Suppose Fp — Z/pZ

I, is a finite field composed of P elements.

Z/mZisafield < m isaprime

| note2 | WhenTl is a natural number, andp is a prime,
There is only 1 finite field I¥»

with p" elements.
Also, a finite field is only [~
( ™ :natural number, P : prime)
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