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planetsplanets
Reprinted from NASA Web page



h d “惑星” i l i
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The Japanese word “惑星” is a translation 
of the word “planet”of the word  planet

(in the 18th century, Japan)

The word “planet” comes from GreekThe word  planet  comes from Greek

Have you triedMitaka?Have you tried Mitaka?
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Today (December 10th ) past 21 o’clock, Mars starts to rise in 
the east‐northeast, and Jupiter will set in the west‐southwest.p
Around 1 o’clock on December 11th, Saturn will rise in the 
east (But we can’t see it due to the bright Moon nearby).

Reprinted from NASA Web page
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These celestial motion must have been known for as long 
as several thousand years, as people looked up at the sky 
and made observations of celestial bodies.
I hear there is a observational record written about 3500 
years ago.

It is believed that Hipparchus(around 190BC -
120BC)or Ptolemaios（around AD85‐around 165)120BC)or Ptolemaios（around AD85‐around 165)  
determined the table of constellations.

Th Pl t f th i tiThe name Planets come from their motion, 
moving from one constellation to another g
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Hipparchus

It was necessary for rulers to make a calendar, so that 
they sometimes conducted astronomical observations.
To predict the motion of planets as precisely as possible 
was also very important for rulers.
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It was necessary for rulers to make a calendar, so that 
they sometimes conducted astronomical 
observations.observations.
To predict the motion of planets as precisely as 
possible was also very important for rulers.

In astrology, the relative 
iti f l t

Michel de Nostredame
(Nostradamus)（1503ー1566）

position of planets seems 
to have had some very 
important meaning.
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In the 16th century, based on the 
Ptolemaios’ (around AD85‐around 
165) geocentric theory, it was 
assumed that planetary motions 
were assumed to be on the epicycle. Ptolemaios

But even if we take the 
modifications into account, the 
observed planetary positions were 
found to be inconsistent with the 
calculated ones.
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Apollonius 
（262BC－190BC）

Ptolemaios
（AD85頃 －165頃）
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Copernicusp
（1473－1543）
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The work of precise calculation was 
a very strenuous work.

In the same era, some of practically 
very important functions came intovery important functions came into 
use. For example, trigonometric 
functions (sin x cos x tan x)functions (sin x, cos x, tan x), 
logarithmic function (log x)    
discovered by Napier (1550-1617), y p ( )
which enabled mathematicians to 
grasp the meaning of exponential 
f ti d f thfunction ex ,and so forth.

Logarithmic function table and
Napier (1550 －1617)

Logarithmic function table and 
trigonometric function table had 
been used until quite recently.q y
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with the aid of King of Denmark Tychowith the aid of King of Denmark, Tycho 
Brahe (1546－1601) founded an 
astronomical observatory at the Hven y
Island, where he could do his 
observations from 1576 to 1597.
The astronomical observatory was a large 
institute, even with a printing office.
He tried to forecast the position ofHe tried to forecast the position of 
planets with very precise observations.
He determined positions of stars withinHe determined positions of stars within 
the error of about 1’. 
(1’=2π/21600)

T h B h (1546 1601)Tycho Brahe (1546－1601)
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‡ ‡‡ ‡
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Reprinted from Wikipedia
http://commons.wikimedia.org/wiki/File:StjärneborgObservatory.jpg
(2010/09/06)
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Tycho Brahe went to Prague after 
the death of the King of Denmarkthe death of the King of Denmark 
who had helped him, where he 
was employed by the Holy Romanwas employed by the Holy Roman 
Emperor and Johannes Kepler 
(1571‐1630) became an assistant.

Kepler , a mathematician, 
i d th b ti lreorganized the observational 

data left by Tycho Brahe, and 
presented the results in the formpresented the results in the form 
of three laws, namely the first and 
second law (1609) and the third ( )
law (1619).

Kepler (1571 1630)Kepler (1571－1630)
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The first law: the orbit of a planet is an ellipseThe first law: the orbit of a planet is an ellipse 
whose focus is the position of  the sun.

The second law: the areal velocity of the 
motion of the planet is constant.

The third law: the cube of the semi-major axis 
of orbital ellipse is proportional to the squareof orbital ellipse is proportional to the square 
of orbital period.

Kepler is the first mathematician who used 
the word a “focus” of an ellipse.
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it was widely believed that when 
things move, there should be always 
a force that drives them Against thisa force that drives them. Against this 
common sense Galileo(1564-1642) 
demonstrated, by an experiment, the , y p ,
law of inertia.

Galileo also confirmed that for free 
falling particle, the distance is 
proportional to the square of theproportional to the square of the 
elapsed time from the beginning of 
the motion.the motion.

In 1609, Galileo started observations 
of stars using telescopes.

International year of astronomy 2009 G lil (1564 1642)International year of astronomy 2009 Galileo (1564－1642)
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He introduced the concept 
of coordinates, and showed 
that the term of two worlds 
can be mutually translated, 
namely the algebraic world y g
written by equations  and 
formulas, and the 
geometric world written by 
figures.g

Decartes(1596－1650)



I N t (1643 1727) l i d th
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Isaac Newton(1643－1727) explained the 
Kepler’s laws in his book “Principia”, 
based on the following assumptionsbased on the following assumptions

The law of universal gravitationg

The first law of motion = the law of inertia

The second law of motion = the equationThe second law of motion = the equation 
of motion

The third law of motion = the law of 
action and reaction

Reprinted from Wikipedia
http://en.wikipedia.org/wiki/File:Sir_Isaac_Newton_by_Sir_Godfrey
_Kneller,_Bt.jpg(2010/09/05)
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Newton invented the concept 
of differentiation and 
acceleration and derived theacceleration, and derived the 
equation of motion.

Mathematics was created.

Newton (1643－1727)
Reprinted from Wikipedia
http://en.wikipedia.org/wiki/File:Sir_Isaac_Newton_by_Sir_Godfrey
_Kneller,_Bt.jpg(2010/09/05)
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In fact, Newton wrote his 
compositions using the 
concept of differentiation andconcept of differentiation and 
the concept of acceleration, 
and solved the problems withand solved the problems with 
geometrical methods.

Although there are some 
formulas, but almost all of ,
them are concerned with the 
length of geometrical figures.

Makoto Matsumoto：1999
The mathematical society of Japan y p
annual meeting,  a lecture for citizens 
“it must be impossible to discover the 
universal law of gravity when an apple 
falls from a tree”
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By conducting various experiments, 
Hooke (1635-1703) seems to have 
conjectured the fact that the sun isconjectured the fact that the sun is 
pulling the planets, and that the 
magnitude of the pulling force is 
inversely proportional to the square of 
the distance between the sun and a 
planetplanet.
Hooke was engaged in some 
experimental research work at the 
Royal Society, and the Hooke’s law, 
which says the amount of a spring’s  
force is proportional to the variationsforce is proportional to the variations 
of length of the spring, is named after 
him, but it seems that the discovery of 

Hooke(1635-1703)

many physical laws are made by him.
But Newton argues the presence of 
the universal gravitation not only forthe universal gravitation, not only for 
the sun and the planets.
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It L ib i h t th diff ti tiIt was Leibniz who wrote the differentiation 

as , and the integration asas        , and the integration as 

The word “integral” seems to have been  
i t d b J b B lliinvented by Jacob Bernoulli.

Leibniz used the term “summation”, andLeibniz used the term summation , and 

th i t ti b l i d f dthe integration symbol         is  deformed 
form of one of the  alphabet 

L ib i (1646 1716)Leibniz(1646 － 1716)
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The Kepler’s second law “the law of constant areal 
velocity” is the manifestation of the fact that as the 
central force is exerted on the star in motion, the star is 
changing its velocity in the direction of the central force.
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the reason why the areal velocity is constant has 
proved to be well explained if the gravitational force is 
assumed to be in the direction of the line joining theassumed to be in the direction of the line joining the 
planet and the sun.

The “line joining the planet and the sun” is named 
“vector” meaning that it conducts forces which is usedvector  meaning that it conducts forces, which is used, 
in the same usage, in Biology.

this object that “conducts forces” became an object 
called as “vector” which is used in mathematics tocalled as vector , which is used in mathematics to 
indicate a quantity that has both direction and 
magnitude Hamilton(1805－1865) gave the definitionmagnitude. Hamilton(1805－1865) gave the definition．

The concept of new “vector” was established and theThe concept of new vector  was established, and the 
mathematics was created.
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The fact that the orbit of planets are ellipses is a 
manifestation that the universal gravitation is inversely 
proportional to the square of the distance between any twoproportional to the square of the distance between any two 
bodies.
A proof by Feynman:A proof by Feynman:

Areal velocity is constant. i.e.
For the ang lar ariation ith the center being the s nFor the angular variation with the center being the sun,

is the function of 

Th f i i l ti l t th f thThe force is inversely proportional to the square of the 
distance

Hence,,
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F d f h i f• From                           and from the equation of 

motion                     ,we get 

• this means that the rate of the change of 
particle velocity doesn’t depend on the angular position.

• Equivalently,Equivalently,
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If and, since the motion is due to a central force,

If follows that                       Then                                                , 

And the orbit of the velocity          will be a circle.  

If k hi b i iIf you know nothing about integration,
are subject to the following condition and the obtained figure will be a polyhedron.

If we take the limit, there is a circle.

• When the velocity vector draws a circle, 
the orbit will be a quadratic curve.

• You can verify that using KSEG.
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DEF f(x,y) = - x/SQR((x^2+y^2)^3)
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DEF g(x,y) = - y/SQR((x^2+y^2)^3)
FOR i=5 TO 19

LET x=0.5
We could explain the 
elliptic orbit without LET y=0

LET u=0
LET v=0.1*i

elliptic orbit without 
solving the 

LET h=0.000001
LET t=0
PLOT POINTS: x,y

( )

differential equation.
DO WHILE (t<=0.8 OR x<0 or  y<=0)

LET t=t+h
LET uu=u
LET

To solve differential 
equation numerically

LET vv=v
LET u=u+f(x,y)*h
LET v=v+g(x,y)*h
LET + *hequation numerically, 

you can write some 
LET x=x+uu*h
LET y=y+vv*h
PLOT POINTS: x,y

LOOPBASIC codes. LOOP 
NEXT i
END
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Today’s lecture so far

To understand the orbits of planets, a lot of 
ki d f h ikinds of mathematics was necessary.

Kepler’s law was stated, based  on the 
knowledge of ellipses.knowledge of ellipses.

Newton created the new mathematics andNewton created the new mathematics and 
described mechanics.

Let’s review its form with Mitaka.



December 10th, 2009   Global Focus on Knowledge   Creating Mathematics
Lecture 10 Understanding the Orbits of Planets Takashi Tsuboi

Saturn

MarsMars

Earth
Venus

Astronomical 
Unit

Sun

Asteroid belt

2009 D b 10th 20 00

http://4d2u.nao.ac.jp/html/program/mitaka/

2009, December 10th 20:00
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If you are a student at natural sciences, you  will 
take courses dealing with differential equations attake courses dealing with differential equations at 
the 2nd year, mathematical sciences 2 and 
mathematical sciences 4mathematical sciences 4.

Newton not only invented the concept ofNewton not only invented the concept of 
differentiation, but also knew the fundamental 
theorem of differential calculus which says thattheorem of differential calculus, which says that 
differentiation and integration are the inverse 
manipulationsmanipulations.

Vector analyses dealt with in mathematicalVector analyses, dealt with in mathematical 
sciences 1 and mathematical sciences 3, are 
also related to this topicalso related to this topic.



December 10th, 2009   Global Focus on Knowledge   Creating Mathematics
Lecture 10 Understanding the Orbits of Planets Takashi Tsuboi

What kind of research am I engaged in?

things don’t go well when you try to represent the 
solutions of differential equations using only thesolutions of  differential equations using only the 
well-known functions.

But you may be able to grasp the characteristic 
features of the solutions of differential equations 
without knowing the explicit form of their solutions, g p ,
or even without knowing how to solve them.

Since my research is about the things shown 
above in the next lecture I will describe relatedabove, in the next lecture I will describe related 
topics.
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S f h if i l f l l f hSo far, we have seen if a particle feel a central force whose 
magnitude is inversely proportional to the distance between 
the particle in question and the center the orbit of thethe particle in question and the center, the orbit of the 
particle will be an ellipse (a conic curve, namely an ellipse, a 
parabola, or a hyperbola).parabola, or a hyperbola).

The problem of two stars moving under mutual gravitational 
force will be, with slight modification, reduced to the equation 
of motion under central force.

From the law of action and reaction, the center of gravity of 
two stars will be an inertial motion and we can take atwo stars will be an inertial motion, and we can take a 
coordinate with the center of gravity as the origin.

You can solve the differential motion, we get the following 
results.

BASIC codes
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In brief, the solution of two-body problem is an 
ellipse (a conic curve) whose center is the p ( )
center of gravity.

Newton seems to have noticed this fact.

Then, Newton himself, while remarking the 
i t f i ti ti th b dimportance of investigating three-body 
problem, said that the problem wouldn’t be 
solved with already known methods or 
knowledge.g
As a mathematical problem, even the three-
body problem turned out to be so difficultbody problem turned out to be so difficult.

BASIC codes
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We could explain the elliptic orbit of planets 
because the mass of planets are so smallbecause the mass of planets are so small 
compared with the mass of the Sun that the 
force between planets are negligibleforce between planets are negligible.
The role of gravitational force between planets 

t d fl t th bit f l t f lliare to deflect the orbits of planets from ellipses.

Such gaps have become observable thanks toSuch gaps have become observable thanks to 
reflecting telescopes and photo plates.

Leading to the discovery of Neptune in 1846.

Both optical aberration (in 1727) and parallax 
(i 1838) b d d th th f(in 1838) are observed, and the theory of 
heliocentric system is verified.
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Reference: Principia
http://en.wikipedia.org/wiki/Philosophia_Naturalis_Principia_Mathematica

Reference:
Matsumoto makoto,
htt // th j / bli ti /t hi /0401/ t t 41 dfhttp://mathsoc.jp/publication/tushin/0401/matsumoto41.pdf

Reference:
The MacTutor History of Mathematics archiveThe MacTutor History of Mathematics archive 
(good articles on the history of mathematics)

http://www-history.mcs.st-andrews.ac.uk/history/index.html

Tycho Brahe, Johannes Kepler, Sir Isaac Newton, Gottfried Wilhelm von 
Leibniz, Henri Poincare
MathematicalPhysics/Orbits/MathematicalPhysics/Orbits/
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Reference:Reference:
Mitaka (free software) is downloadable for free from

http://4d2u.nao.ac.jp/html/program/mitaka/
the website of National Astronomical Observatory of Japan.the website of National Astronomical Observatory of Japan.

Reference:
the following software can be obtained for free:g

KSEG http://www.mit.edu/~ibaran/kseg.html
Jisshin-BASIC http://hp.vector.co.jp/authors/VA008683/



December 10th, 2009   Global Focus on Knowledge   Creating Mathematics
Lecture 10 Understanding the Orbits of Planets Takashi Tsuboi


