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Fig. 2. The magnetization as a function of magnetic field for the one-dimensional
half-filled Hubbard model at zero temperature.

Minoru Takahashi, Prog. Theor. Phys. 42, 1098-1105 (1969) i
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Fig. 1. Magnetic susceptibility y is plotted vs
U=I/T. In the case U<0 ¥ is zero. The
dashed line is the asymptote at UJ—oc.
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HEXZETOAFEER O EEIKEIR)LF—[LBethe ansatz
FROZMEABMTRES,

XXX#$E %! - - «Hulthen 1938

XXZF¥&H - - -Orbach, Walker 1958, 1959

XYZtEEY « - «Baxter 1972

oBoson* - *Lieb-Liniger 1963

oFermion(s=1/2)* * *Gaudin, Yang 1967

oFermion(s>1/2, ¢c>0)= = = Sutherland 1968

OFermion(s>1/2, ¢<0)= = = Takahashi, Yang 1970

1D Hubbard model* = = Lieb-Wu 1968

Fredholm type linear integral equation



A=J 2 (5755 + S8+ 8555, — 1)

fa]

Sj!u"+1 — Sl .

where e(z)=(x+i)/(x—1i).

Conjecture 1. Complex A4 always forms a bound state with several other A's.
For a bound state of n-A’s the real parts of A’s are the same and the imaginary
parts are (n—1)i, (n—3)i, - —(n—3)i and — (m—1)i within the accuracy of

O (exp(—dN)), =0,

Minoru Takahashi, Prog. Theor. Phys. 46, 401-415 (1971) 1
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Conjecture 1. If a set of solutions (&, ks, -+, £y Ay, As, -, Ax) of (2:8) and (2-9)
contain a complex k (or A), B (or A) is also contained in the set of s (or A’s).
Conjecture 2. Complex 4 always forms a bound state with several other A’s.
In this set of A's the real parts of these A's are the same and the imaginary
parts are (#—1)ci, (n—3)ci, <+, —(w—1)ci for the bound state of n— A's within
the accuracy of O(exp(—dN)), where ¢ 18 a positive number, '
Conjecture 3. In the case ¢<_0, complex k., makes a pair with its complex con-
jugate k, and a real A, which we write as A,”. The real parts of k., k, and
A,’ are the same and the imaginary parts of £, and k. are ¢ and —¢ within the
accuracy of O(exp(—dlL)).

Minoru Takahashi, Prog. Theor. Phys. 46, 1388-1406 (1971) i
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Conjecture 1.
For a bound state of n-pairs there are n— A’s which have the same real

pairs.

- E Eﬂ_ ":Lrﬂ.ﬂr '
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|- ";-"UEL: ?3-'-1-?11_1.__2 ﬂﬂH{:HiT — ﬁf-l] .

M . _
exp (1kN,) = qj[_[l g(.‘?llﬂ_‘kiﬁ),

U

Az —sin ‘Ei) — i[i g( A;EJ’AE )’

A complex k; belongs to a pair of electrons or a bound state of

part and the imaginary parts as (n—1)iU, (n—3)iU, -+ — (n—1)iU within the
accuracy of O(exp —dN,), where § is some positive number. And 22 —%'s belong
to this bound state and take the values

kl=m—sin"1 (A" + nill),
kt=sin (A" + (n—2)il0),

lé,ﬂ:: T kngr
kl=sin" (A" + (n—4)iU),

k‘:ﬁ =T — ku*r

Bt =gin™ (A, — (n—2)il7),
B tl= g —

k= sin™ (4" — niU), (2-9a)

within the accuracy of O(exp(—dN,)). Here we put —g/2< Resin ' (z)=n/2.

Conjecture 2.

A's.

Complex A belongs to a bound state of pairs or bound state of
In the latter case the real parts of A’s are the same and the imaginary

parts are (n—1)iU, (n—3)iU, ---, —(n—1)iU within the accuracy of O (exp

—dN).

Minoru Takahashi, Prog. Theor. Phys. 47, 69-82 (1972)
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2p 0 (x*—Y) Y= (2 (T - —§Y)
{ap 1 ('&“+s.)}n-_ —A {ap 0 (33“—'33“+S§)}
Assumption 1: A string of order »n consists of the sets
zRhi=z,"+ (n+1-2k)i+O(exp—0N) (mod 2py)
and
22t =x,"4+ (n+1-2k)i+pi+O(exp—0N), (mod 2p) (2-9)

where 0 >0,%k=1,2,---,n, and x," is real. We call these states the #n-th-order
bound states with 4 and — parities, respectively.

Assumption 2: The parity v and order z of a bound state should satisfy the
following conditions:

sin{gx(n—1) /po} =0 for v=+1, (2-10a)

sin{r(zn—1) /p} <0 for v=-1 (2-10b)
and

23 Li/pd= (1= D=1/, (2-11)

Hida, K. (1081) Phys. Lett. 844,338,
Fowler, M. and Zotos, 3.(1081) Phys. Rev. B 24,2634,

Minoru Takahashi and Masuo Suzuki, Prog. Theor. Phys. 48, 2187-2209 (1972)
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Yang-Yang type non-linear integral equation



Low-temperature thermodynamics of 1D Hubbard
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Fig. 1. Chardcteristic regions of low-temperature specific heat for various values of U.
On lines d, e, f, g and h, low-temperature specific heat is proportional to T%*. In
regions B, D and E, it is proportional to 7. In regions A and C, it is proportional
to T7Y* exp(—a/T).

a) U=05
by U=1.0
c) U=20

Minoru Takahashi, Prog. Theor. Phys. 52, 103-114 (1974) i



Low-temperature thermodynamics of XXZ and XYZ chain
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Fig. 2. Fig. 3.

Fig. 2. ‘Pr{rpert:ies of the low-temperature specific heat of the Heisenberg-Ising model at J=41.
Regions A, B, C contain neither lines a, b, ¢, d, ¢ nor end points [, E, Point D is contained
in line d and point E is contained in line e.

Fig. 3. Properties of the low-temperature specific heat of the X-¥-Z model in zero field.

Minoru Takahashi, Prog. Theor. Phys. 50, 1519-1536 (1973) i
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3Jsinf

Fig. 1. The coefficient of T-linear low-temperature specific heat in
the limitT-»( and FH-+0. In the limit 4=+ ~1, limm- limree Cy/T

diverges as (1+4) 1%,

3+lm Lirm E;...-"J’

| H=§ T=D

=1. 0

Table II.  Analytic expression of physical quantities at J=0 and 0<f<p.
e —————— e epee—————————eeee

limg_o limr—n 2

_ Abuj
Jir—8)rsin @

limg—s limzw Cg/T The ground state energy per site
20 _ sh [ﬁ-ﬂ'}mdu
3T sin 0 LU h 7w

Minoru Takahashi, Prog. Theor. Phys. 50, 1519-1536 (1973) i



Ferromagnet at Low-Temperature

Using Bethe ansatz integral equations, we calculate the free energy and sus-
ceptibility of spin-} one-dimensional Heisenberg ferromagnet # =J 3, (8;8;+1—4%),
(J<0) at T>0.004|J|. We find that the free energy and susceptibility are expanded
by +/T]J] at low temperature:

r=i{-102(7) "+ oo 7)’ 09(;%)”10(%)3}

!Jl_l{ﬂ' 166'}'(”') +0.581 (|_”)312+0 63(';') +0(”1)”2}.

The first term of free energy coincides with the spin wave calculation. The first
term of susceptibility coincides with Fisher’s solution of classical Heisenberg Fer-
romagnet. We conclude = —0.5 and y=2.

Takahashi-Yamada, Schlottmann 1985

Minoru Takahashi and Miki Yamada, J. Phys. Soc. Jpn. 54, 2808-2811 (1985)



1.0

0-5

Fig. 1.

_0.71%
.l. T"TB‘J\O
i —\
e
0.05 0.1
T/l

xT*73|J|=97% and xT?|J|~* as a function of

T/|J|. We find that y>1,75.
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Fig.2. xT?J|~! as a function of 4/7/|J]. In the limit
T—0, it approaches to 0.167.

Minoru Takahashi and Miki Yamada, J. Phys. Soc. Jpn. 54, 2808-2811 (1985)
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Modified spin-wave theory for ferromagnet

f=T[—1.042(T/I)"2+1.00(T/J) —0.9(T/J)**+ 0(T?)],
x=JT ~%[0.1667+0.581(T/J)2+0.68(T/J ) +0O(T?)].

In contrast, the usual spin-wave theory® gives

f=T[—1.042186 9(T/J)"?2—0.066 897 1(T/J)*?— ---].
N
H=-JY(S;-S; —S?)—2nY. S}, J>0.
L) i

In 1D case MSW gives

PO RS L I R +[ S S LS 20 I e
(2m) V2| 287 452 282 (27)V2 8 (2x) || 287 ‘
C{IZ—} T 12 3 ;’2(!?:' T
—_ 8 4 T—Z l_i + T]ﬂ )
£=ySY S (m)'2 | 257 5T 2x a2ss 0T

At S =1 these become
f=T1—1.042 186 9(T/J)"2+(T/J)—1.232 091 9(T/7)**+0(T )],
X =JT "2t +0.582 597 4(T/J) "2 +0.678 839 6(T/J) +0(T*?)].
Reprinted with permission from

Minoru Takahashi, Phys. Rev. Lett. 58, 168 - 170 (1987)
Copyright (1987) by the American Physical Society. I



Self consistent equation

w(m)zi%(%ﬁ(x—s(k}}. t=T/(JS), v=—u/T .

e [ wlx)dr
S*.L‘ exp(xt ' +v)—1"

o 1 [ zw(x)dr
5'=5 z./:; explxt "+v)—1"

%: —vS+_£m]n(1—exD(—xf"l— U))w(x)dr_%(s_sr)z ’

_ 4 /“exp(mt"%—fu)w(x)air
X=3T Jo ~ (explat T+0)—1)7 °

Bose-Einstein integral function:

1 ["uTdu e e o )
F(ﬂ', U)—' F(d’)jo. eu-l-f;_l - lr.r + 2a + . (3 9)
Analytical property of this function near v=0 is known." If @ is not a positive integer
we have
F(a, v)=T(1—a)v™"+ 3 (n!)"(~ )" a—n). | (3-10)

Reprinted with permission from

Minoru Takahashi, Phys. Rev. Lett. 58,
168 - 170 (1987), Copyright (1987) by the
American Physical Society. i

When « is a positive integer, we have

Fla,0)=(=0)* (=D EL-lno}+ 8 ) (=o\tle-m).  G-11)



Schlottmann’s low-temerature susceptibility

| Inln(J/T)
In(J/T)  1n2(H/T) |

X=0.84JT "2

KT

T/

FIG. 1. xT3*J~" as a function of TJ ™' for the S=7%
Heisenberg linear chain. Crosses are results of the Bethe-
Ansatz integral equation from Ref. 2. Solid line is my expan-
sion (18). Dashed line is Schlottmann’s susceptibility (19)
taken from Ref. 4. My expansion formula coincides accurately
with numerical results of the Bethe-Ansarz integral equation.

Reprinted with permission from

Minoru Takahashi, Phys. Rev. Lett. 58,
168 - 170 (1987), Copyright (1987) by the
American Physical Society. i



2D square lattice system and classical system

f=—=4rJS) T 'TH2)+ £ LGIT/IS)+0O(T3)N),

¥=03xJS) lexpdxJSYT)1 +0O(T)].

o
e
20F 1.'I //3
- v
] A
10 //21__ . 4
Rt 2 3 %

141

FIG. 3. Logarithm of susceptibility as a function of 1 /1.
Line 1 is the result of high-temperature expansion (3.16). Line
2 shows the spin-wave results for an infinite system (1.4). Line
3 is the result of the Shenker-Tobochnik formula (1.7). Line 4
shows the spin-wave results for the 64 > 64 lattice. Crosses are
the Monte Carlo results for the 64 % 64 lattice.

(20)
(21)

Reprinted with permission from

Minoru Takahashi, Phys. Rev. B 36, 3791 -
3797 (1987), Copyright (1987) by the
American Physical Society. i



Modified spin-wave theory for square lattice antiferromagnet

Phys. Rev. B40 2494 (1989),Arovas-Auerbach, Hirsch-Tang,

T
a0 0;5 1 rﬂ I._5

E/NJ
-01

-05

-06

-0.7

FIG. 1. Energy per site calculated by spin-wave theory for
4% 4 and 64 X 64 lattices. Small circles are results of exact diag-
onalization of the 44 lattice. Agreement is very good in the
region 0= T =0.7J. Line 1, spin-wave result of the 64 X 64 lat-
tice; line 2, spin-wave result of the 44 lattice; and line 3, high-
temperature expansion.
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FIG. 3. Inverse of correlation length. Dots with error bars
are results of neutron experiment of La,CuO, taken from Ref, 3.
The solid line is Eq. (27a) at J =900 K.

Reprinted with permission from

Minoru Takahashi, Phys. Rev. B 40, 2494 -
2501 (1989), Copyright (1989) by the
American Physical Society. i



S—!——;—=%fﬂ1{1—nlx2}_lﬂmth E—F}il-f;zle‘” w(x)dx ,
2
54_% _%L:%f;“—nle}”zmth :";?L—Tl[l—~'Jrjrl.=n:2]1sz w(x)dx .

At V'1—n << T /A <<1 these are as follows:

L_ T
S+_§.—_w{1]l

lln

27

1+7
1—7

C1a | 2A 1 et 212 3
In e +2fﬂ{l x*) wix)dx +0(T"),

3

1 +O(TY) .

S+
2

2
_%2% J‘D‘n—xlylﬂwmdx +2w(1)&(3)

T
A

E=[8(n *—1)] 12
Vﬂml

— T %P

2mJmym
T

[1+0(T?)].

mo=S+1—1 [ (1=x%) " 2w(x)ds

=85 —0.196 60 . (18)

mi=S +1—4 [ (1—x7)"2w(x)dx

=5 +0.078974 .



Quantum Monte Carlo

1. Formulation of path integral Monte Carlo
method

2.Application to He4 and 2D electron gas

3.Elementary excitation and correlation
function of Haldane chain
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Fig. 3. Radial distribution function at 7=5.04 K
and d=0,02375 mol/cm3, The dots are results of our
path-integral Monte Carlo calculation. The solid
line is the experimental result from Fig. 4 of ref. 14.

Minoru Takahashi and Masatoshi Imada,
J. Phys. Soc. Jpn. 53, 3871-3877 (1984) &
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Fig. 5. Phase diagram for 12 electrons system. The
curves show the melting transition. Two curves are
obtained from the hysteresis.

Masatoshi Imada and Minoru Takahashi,
J. Phys. Soc. Jpn. 53, 3770-3781 (1984) i
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L

H=H0+H1,
h2' N 52
HO=“_2Ei;16_';;2-9 H1=V(r19"'er)'

e B(HotH1) _ 1im (e—(ﬁHOIM)e—(ﬂHUM))M_

M-

Tr exp {—f(Ho+Hy)}=Tr [exp {(— B/M)Ho} exp {(— f/M)H{}]" + O(B°M ~*),

Hi=H+ %(%)Z[Hl, [Ho, Hy]l.

In the problem of Hamiltonian (1) we have

1 A? 2N 0V
HI=V’=V(PD"'3FN)+§;(%) > (5) .

i=1 i

Minoru Takahashi and Masatoshi Imada, J. Phys. Soc. Jpn. 53, 3765-3769 (1984) i
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FIG. 2. E(KMJ for N=32, =1 HAC. Circles are re-
sults of the Bethe-Anstar equation (Ref. 8). Bars are results of
the MO calculation. Length of the bar represents error of MC

caleulation,

Seishi Takagi, Hiroyuki Deguchi, Kazuyoshi
Takeda, Masaki Mito and Minoru,
J. Phys. Soc. Jpn. 65, 1934-1937 (1996)
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FIG, 3. E (KM for /W =32, ¥ =] HAC. The spectrum has
a gap at K == The value of the gap is about 0.45 and coin-
cides with NB's calculation. Small circles are the upper bound
of £(K)F given in Rel. 10. This upper bound was caloulated
from the structure factor and variational relation.

Reprinted with permission from
Minoru Takahashi, Phys. Rev. Lett. 62, 2313 - 2316 (1989),
Copyright (1989) by the American Physical Society. I



Logarithmic anomaly of anti-
ferromagnetic chain
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Fic. 14. Antiferromagnetic susceptibility versus temperature
for finite Heisenberg rings (solid curves) and the estimated limit
for infinite rings (dashed curve). The dotted curves are means of
N=9 and 10, and N=10 and 11 weighted as in (a) and
(c) (Ref. 35), respectively.

Reprinted with permission from
Jill C. Bonner and Michael E. Fisher, Phys. Rev. 135, A640-A658 (1964)
Copyright (1964) by the American Physical Society. i
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FIG. 1. x(T") from the Bethe ansatz. x(0) is taken from
Ref. [2].

Reprinted with permission from

Sebastian Eggert, [an Affleck, and Minoru Takahashi,
Phys. Rev. Lett. 73, 332 - 335 (1994)

Copyright (1994) by the American Physical Society. §



(93]

X [10™> emu/mol]
[AY)

1F - &7 O Measurement - -
2.50-F --=+++ Bonner-Fisher -
[ : — Eggert et al.
0 20 40
1 ] 1 | L
0 50 100 150

Temperature [K]

Fig. 3. Temperature dependence of the paramagnetic susceptibil-
ity of the salt. The low temperature region of the susceptibility
is enlarged and inset in the figure. The dotted line is the curve

obtained by Bonner and Fisher, whereas the solid line is the
curve obtained by Eggert et al.
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Seishi Takagi, Hiroyuki Deguchi, Kazuyoshi Takeda, Masaki Mito, and Minoru Takahashi,
J. Phys. Soc. Jpn. 65, 1934-1937 (1996) 1
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FIG. 4. x.pin for SryCuO; compared to theoretical calcula-
tions by EAT [3] with J = 2200 K (solid line) and by BF with
J = 2200 and 2800 K (dotted linc) in the temperature range
below 600 K. The cross (X) at T = 0 K indicates the theo-
retical susceptibility at T = 0 K for J = 2200 K. Inset: the
experimental (dot) and theoretical (line) yepin as a function of

[In(To/T)]7".

Reprinted with permission from

N. Motoyama, H. Eisaki, and S. Uchida, Phys. Rev.
Lett. 76,3212 - 3215 (1996)

Copyright (1996) by the American Physical Society.



Four-spin interaction term

H = EIJJ tﬂtfﬂ'+ IE”IT Pl
H=H,+ iV

h= 2%, + 2*h, + 00"
hy = 1" E tilaa, — 1),

T E 4r (Il —oo)+ E Fﬁﬂi[:rur. = 1)+ HJ; ﬁfu!.rﬁ uly (Sle o) (e o))
Y

+ Sleg)ioa) — Moglloa)—an, —aag, — a0 — o
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M. Takahashi, J. Phys. C: Solid State Phys. 10, 1289-7301 (1977) i
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Figure 1. In terms of the diagrams, the i}, term in h, corresponds 10 (a): tF, thej, and ¢ 4,64,
in h, corresponds to (b), (c), and (d), respectively. Unlinked diagrams such as (e) disappear.

(6.6, 5 =1 —4In2 = — 177258872
(60,5 =1 — 16102+ 9(3) = 0728 1572394,

M. Takahashi, J. Phys. C: Solid State Phys. 10, 1289-7301 (1977) i



07

0-65[

(- 2Ll L R
108 6 ) [

N
Figure 2. The first- and second-ncighbour correlation functions of an antiferromagnelic
ring with N atoms are plotted as functions of 1/N% In the imil N = 0. these villues approach
the theoretical values. Table 2 of Bonner and Fisher (1964) was used.

M. Takahashi, J. Phys. C: Solid State Phys. 10, 1289-7301 (1977) i



aT

FIG. 1.

AEBEERDOBRR

8 phase

7 phase

T X0,

DTA
l endo.
L 1 I 1 L L l I PR T |
S0 100 150
Temperature (*C)

DTA curves of B- and y-phase samples heated at
3°C/min in air and the molecule of p-NPNN.

= I o -
B+ B phase ¢ -
[=]
; 7 - 5 i
_ 8 o & 4
E o o'e 7 phasa
E B - o £ i
> :
[
2

0 0.5 1 -'1.5
Temperature (K)

FIG. 3. Zero-field specific-heat curves of y¥- and B-phase sam-
ples. The smooth curves at the low-temperature end represent
the spin-wave approxmation for three-dimensional antiferro-
magnetic and ferromagnetic systems (see text).

Reprinted with permission from

Y. Nakazawa, M. Tamura, N. Shirakawa, D. Shiomi, M. Takahashi,
M. Kinoshita, and M. Ishikawa, Phys. Rev. B 46, 8906-8914 (1992)
Copyright (1992) by the American Physical Society. i



Cp (J/mol K)

Cp (J7mol K)

m o < m @ O

N W

F &8 .- —_———— 7 L T T
- o [ T - .
| [-] 0 Oa & s
x 160 Oe S el & r
s 300 Oe | < .
+ + 800 D= 0 o 5P - B F
L . 1200 Oe ! <. _ x
I * 1800 Ow ! 2 . - s b
N s 2400 Oa a I i E
T E
o :Ll'- b : a
T g 2 f
| Tamperature (K a
[ s
a
o
- 7 Temperature (K}
(a) e lre_, 1 . . . .
L g —o S —a FIG. 13. Theoretical magnetic specific heat of a quasi-one-
dimensional Heisenberg ferromagnet with J=4.3 K, J'=0.224
= e A 1 4 — K, and J"=—0.176 K. The interchain couplings were deter-
0.5 1 1.6 2 mined by the mean-field approximation.
Temperature (K)
1 T L
-] 0 Oe i T T _1
x 800 Oe sb T 208 be ﬁ -]
e 1200 Oe x B0 de it 1
+ 1800 Oe - el ¢1§§§35 s E ]
s 2400 Oe : L% ﬁﬂ i ;q ! -
Sl P E: I.. .!:. .!
0, f _ 5?'&: ., iﬂ__,.._.%é% —E;f i
% -"—_‘ ) -G _:_"—' - "I?I..P. ’ ' -; -'.' o ’ -; :Jj =
Temperature W
ey h
+y ~
Tt W
{:‘6‘-—%*‘:—.—: —— -
-._n_‘o‘o &-:;t.-*'_ :""———-'.__. -
Rl o e
(b) - Reprinted with permission from
Y. Nakazawa, M. Tamura, N. Shirakawa, D. Shiomi, M. Takahashi,
. . L M. Kinoshita, and M. Ishikawa, Phys. Rev. B 46, 8906-8914 (1992)
0.5 1 1.5 2 Copyright (1992) by the American Physical Society. {
Temperature (K)



Organic Ferromagnets
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Haldane chain
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After 2000

1. New simplified form of TBA equations

This equation 1s convenient to get the high
temperature expansion of thermodynamic
quantities. XXZ chain and Perk-Schultz
model.

2. High-temperature expansion of Hubbard
model and TBA equations

3. Calculation of correlation functions of
XXX and XXZ chain



New simplified form of TBA equations

H(J,A,h) = -JZS, SE, + SYSE,, + A(SESE, - -} ~ 2&25, :

=1

h >0,
thermodynamic Bethe ansatz equation at temperature T is
Inm(2) = “o (o) + 8+ In(1 + m(@)),
]'nﬂJ'(‘w} =85* ln(l + 151 (I})(l + ﬂ.f-i—l{I)Jl J=23..,
. Inm _2h
-
Here we put
B _ 1 — w(z — 2nQ)
A = coshé, Q = 7/, s(z) = i Z ( )
Q -
s+ J@)= [ s@-)fwa.
The free energy per site is
. Q Q
=22 [ a@s@dz-T [ s()n(1+m(@)ds,
-Q -Q

(1)

(2)

()



¢sinh ¢/(2m) (4)
cosh ¢ — cos(¢z)
On the contrary new equation is

aj(z) =

u(z) = 2cosh(;) + j{, g (cut i‘g[z — y — 2i] exp|[— 2“J;$h¢m (y +1)]
21J sinh 1 d
+ cot %5[: _ y -+ 2i] exp|~ =¥ ;; Pas(y—1))) o > (5)
and free energy is given by

u(x) = exp[ETqaa.(x)(7/T)]



TABLE 1. Series coefficients «, for the high-temperature expansion of the specific heat C = 3 ‘:—','lfdii,j" at A = 0.
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High temperature expansion of Hubbard model

"1.C. Charret, EV. Corréa Silva, SM. de Souza, O. Rojas Santos,
MT Thomaz and AT Costa, Jr, Phys. Fev. B 64, 193127
~ (2001).

U=4
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nos | ; FIG. 1. Specific heat at U'=4, h=0, and
full ling...high temperature sxpansicn p d [ —4=10. Points are our results of TBA calen-

lations and the dashed line is the calculation of
Charret efal The solid line is the high-
temperature expansion
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